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Driven translocation of a polynucleotide chain through a nanopore:
A continuous time Monte Carlo study
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Using the continuous time Monte Carlo method, we simulated the translocation of a polynucleotide chain
driven through a nanopore by an electric field. We have used two models of driven diffusion due to the electric
field. The chain may have strong interaction with the pore, and depends on which end of the chain first enters
the pore. Depending on this interaction, in both cases, the distribution of times for the chain to pass through the
pore in our model is found to have three peaks, as observed in the experiment of Kasianowicz Brandin,
Branton, and Deamer [Proc. Natl. Acad. Sci. USA 93, 13770 (1996)].
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I. INTRODUCTION

Recently, there has been a lot of interest in the problem of
the translocation of biopolymer chains driven through a na-
nopore by an electric field [1-12]. Such pores are 1-2 nm in
size and would allow single-stranded but not double-stranded
DNA to pass through. The process of translocation of
biopolymers through pores in membranes is ubiquitous in
cell biology since most cells must transport macromolecules
across membranes to function. Transcribed mRNA mol-
ecules, for example, are transported out of the nucleus
through a nuclear pore complex. Viral injection of DNA into
a host cell is another example. It has also the potential to be
used as a single-molecule tool and may eventually lead to a
single-molecule RNA and DNA sequencing technique. For
instance, Gerland er al. [3] investigated the theoretical pos-
sibility of utilizing polymer translocation to determine the
full base-pairing pattern of polynucleotides, including RNA
pseudoknots. Besides nanopores in biomembranes, there
have also been studies of polymer translocation through
solid-state nanopores [11-14].

Kasianowicz et al. [1] (KBBD) showed that an electric
field can be used to drive single-stranded polynucleotide
(poly[U]) molecules through an ionic channel in a lipid bi-
layer membrane. The pore was 1.5 nm in diameter at its
narrowest constriction, barely larger than the diameter of a
single polynucleotide strand. Single stranded, homogeneous,
polynucleotides (poly[U]), close to monodisperse of 210
monomers in length, were introduced into one side of the
membrane, called the cis side. After applying a trans-
membrane potential of between 110 and 140 mV, KBBD
monitored the frans-membrane ionic current as a function of
time. This ionic current was almost constant, except for cer-
tain periods on the order of hundreds of microseconds, in
which the current decreased by more than 90%. These peri-
ods of very low current were the times when a polynucle-
otide was in the process of passing through the pore and
therefore blocking the current. They can thus be interpreted
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as giving the measurements of the times required for indi-
vidual polynucleotides to transverse the membrane under the
influence of an electric field. When the number of observed
blockades was plotted against the length or lifetime of the
blockades, one could clearly see three distinct peaks. The
first peak corresponding to the shortest lifetime was found to
be independent of the polymer length or applied potential.
They reasoned that this peak was caused by polymers that
entered and retracted and thus did not completely cross the
membrane. On the other hand, the mean lifetime of the other
two peaks was directly related to polymer length and in-
versely related to applied potential, and both were thus
caused by polymers actually passing through the pore. The
charge on each nucleotide is just the electron charge e. Using
125 mV for the electric potential, this gives eV = 5kpT for
the electrostatic energy gained by moving one nucleotide
completely through the pore, where kj is the Boltzmann con-
stant and T is the absolute temperature. KBBD made the
intriguing suggestion that there are two characteristic times
associated with translocation because the polynucleotide can
enter the pore in two distinct directions: One peak corre-
sponds to polymers that enter the channel with their 3’ end
first, the other to polymers that enter with their 5" end first.

Lubensky and Nelson [2] studied theoretically the poly-
mer translocation problem in the experiment of KBBD. The
polymer being constrained to pass through a tiny nanopore
makes it a one-dimensional problem. They studied the prob-
ability P(x,7) that a contour length x of the polymer’s back-
bone has passed through the pore at time ¢. Assuming that the
probability current j defined by dP/dt+dj/dx=0 is propor-
tional to P and to dP/dx, i.e.,

(1) =vP(x 1) Pancly (1)
ox

they obtained the familiar equation for diffusion with drift,
dP PP JP
it @
ot ox ox

where v and D are, respectively, and average drift velocity
and an effective diffusion coefficient. The solution of Eq. (2),
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subject to the boundary conditions that P vanish at x=0 and
L, where L is the length of the polymer, and the initial con-
dition P(x,t=0)=48(x—x,), can be expressed as an infinite
series in terms of the eigenfunctions of the linear differential
operator on the right-hand side of Eq. (2). The probability
that the polymer will exit the channel at x=L at time 7 is
given by ¢(r)=j(L), which, however, is a very slowly con-
verging infinite series. Fortunately, by using the Poisson re-
summation formula, it can be converted into another infinite
series that is so rapidly converging that it is sufficient to take
only the lowest-order term. At this point, a pathology in the
model appeared: the starting point x, in the polymer cannot
be taken to be zero, which is the case of interest. In the limit
xo— 0, the probability that the polymer passes through the
pore, given by c(xg)=[ye(r)dz, vanishes, ie., ¢(0)=0. A
meaningful result can only be obtained by normalizing ¢(z)
by the total probability of passage, i.e., by defining the first
passage probability as y{r)=lim, (1)/c(xo). For given v
and D, the probability ¢(r) that the polynucleotide takes a
time ¢ to pass through the channel has only one peak. It is
quite skewed and its mean and maximum are correspond-
ingly well separated and is visibly different from a Gaussian
with the same mean and variance. To explain the presence of
two peaks in the data of KBBD, Lubensky and Nelson sug-
gest that due to the strong interaction of the polymer with the
pore, it is indeed possible that a polynucleotide passing
through the pore with its 3’ end first can have an average
velocity that is significantly different from one passing
through with its 5" end first. They proposed an interaction
u(x) for the interaction of the polymer with the pore of the
sawtooth form,

u(x) = @f, x=ab, (3a)
ab
b—

uw)= "5 x> a, (3b)

where u, is a constant amplitude and « is an asymmetry
parameter with the symmetric case given by a=1/2, whereas
a=0 or I corresponds to maximal asymmetry. This potential
is periodic with period b, which is the distance between
nucleotides. Lubensky and Nelson suggested that with this
asymmetric interaction between the polymer and the pore,
the effective mobility and diffusion constant of the polymer
through the pore could take different values depending on
whether the polymer entered the pore with the 3’ or the 5’
end first. They did not show, however, that this could indeed
lead to two peaks in the distribution of passage times as in
the experimental data. One may contemplate a numerical so-
lution of the driven diffusion equation corresponding to Eq.
(2), taking into account the potential Eq. (3). However, due
to the aforementioned pathology of the model, at least in the
special case u,=0, resulting in the necessity of normalizing
the passage probability by dividing with the total passage
¢(0), such a numerical procedure may be difficult to carry
out. For this reason we have resorted to a different proce-
dure, the continuous time Monte Carlo method, to study the
driven diffusion of a polymer through a nanopore taking into
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account the asymmetric interaction of the polymer with the
pore, in order to see if this indeed leads to the appearance of
two peaks in the distribution of passage times. In Sec. II we
present the continuous time Monte Carlo method, its appli-
cation to the present problem, and the results we obtained.
Section III contains the conclusion and a discussion.

II. CONTINUOUS TIME MONTE CARLO METHOD

As a variant of the standard Monte Carlo method, the
continuous time Monte Carlo [15,16] (CTMC) method is
very efficient and fast because of the lack of waiting times
due to rejection. In contrast to the standard MC method,
instead of the MC step used to approximate the real time, the
“time” in Gillespie’s method could be the real physical time
if the transition probabilities were calculated by first prin-
ciples or empirically.

We first consider the case in which there is no interaction
between the polymer and the pore. The membrane with the
pore separates the system into two parts, the cis side on the
left where the polynucleotide is originally located, and the
trans side on the right to which it will eventually translocate.
The membrane can be assumed to be perpendicular to the x
axis, with the pore at the position x=0. We assume that both
ends of the polymer are right next to the pore on the cis side
to start with, and one end, the right end, is driven through the
pore by an applied external electric field in the x direction,
with the other end, the left end, staying always next to the
pore until the whole polymer has passed through. This as-
sumption simplifies the calculation but has no effect on the
final result, as we check afterward using different contour
lengths for the polymer. If the polymer consists of n nucle-
otides, its contour length will be nb, where b=0.56 nm is the
length of a single nucleotide. Let x denote the projection of
the right end of the polymer on the trans side on the x axis.
Then the end-to-end distance of the polymer is x since the
left end is at the position x=0. In the freely-jointed-chain
approximation, the free energy is given by

W(x,n) = Wy(x,n) + W,(x,n) (4)
with
NkpT
Wo(x,n) = —"=x, (5)
fx,n)

W,(x,n) = xf(x,n) —
0

x(f'n)df’, (6)

where the extension x is given by the Langevin function

x(f',n) = nb[coth(%) - %] (7)

with P=1.5 nm the persistence length of the polymer.
We can now simulate diffusion using CTMC by changing

randomly x — x=+ 8, with 6=0.1 nm, and calculating the tran-
sition rates [17,18] from transition state theory

1 (W(x)—W(x+5)>
kl——exp —

- ks T (82)

7o
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1 (W@%JWx—@) (8b)

ko= N xp kgT

where Tal is an attempt frequency to be determined later. In
the continuous time Monte Carlo method, the acceptance of
a chosen process is always set to 1. In this way, there is no
rejection as in the standard Monte Carlo method. However,
the choice of a given process is dictated by the rates. From
kq,k, we can define the probabilities

ki
= s 9
P1 Ky + ky (9a)
ky
= . 9b
P2 ki +ky (9b)

Then by generating two random numbers y;,y, =1, we can
choose the new configuration j by the condition

j
%52E~ (10)

The time is now incremented by the amount

Ar=- log 7. (11)

ki +ky
Note that from Eq. (8), p;,p, are independent of 7, so that
from Eq. (10), by choosing 7y=1, the time will then be in
units of 7,. Since the transition rates and probabilities are
clearly physically motivated, the calculated time should be
the physical time.

We will first study the case with W=W,,, which is the case
studied by Lubensky and Nelson, when there is no interac-
tion between the polymer and the pore. The Langevin equa-
tion giving the time dependence of x can be obtained from
Eq. (2),

T ve o), (12)

where #() is white noise with correlation (7(z)5(t'))
=2D8(t—t"). The solution is

t
x=vt+f 7(t")dt' . (13)
0
The transit time ¢, corresponds to x=L, which gives
L 1 [p ! !
tp=———f 7(t")drt' . (14)
v vl

Since 7(r) is Gaussian random noise, this shows that 1, is
Gaussian distributed about the average value L/v. One can
also calculate the average fluctuation of 7, about its average
value (5tp)2=<[tp—(L/ v)]?), using the correlation of the ran-
dom noise 7(t). One easily finds that (&,)*=2Dt,,.

In Fig. 1(a), we show our simulation result of the distri-
bution of first passage times for different polymer lengths
Nb, with N=50, 100, and 150, using A=5 in W,. For each N,
the first peak at the very left corresponds to cases in which
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FIG. 1. (a) Distribution of passage times for different lengths Nb
of the polymer, for the case of no interaction between polymer and
the pore. Free energy W=W,. (b) Average fluctuations o, of the
transit time 7, vs 51)/2.

the polymer partially enters the trans side but is then re-
tracted into the cis side. This peak is independent of the
polymer length L=Nb. The second peak at a larger lifetime is
Gaussian in shape and corresponds to cases in which the
polymer is actually transmitted through to the trans side. The
lifetimes corresponding to this peak are proportional to the
length of the polymer. The transit time in our simulation is
obtained by monitoring the time when the length of polymer
transmitted x is equal to L. Our result for the transit time
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FIG. 2. Distribution of passage times for different lengths Nb of
the polymer, for the case of no interaction between polymer and the
pore. Free energy W=W,+W,.

distribution is in agreement with the result of the Langevin
equation.

This is in agreement with our results presented in Fig.
1(a) but in disagreement with those of Lubensky and Nelson
obtained using a different definition of the first passage time
distribution. In Fig. 1(b), we plot the average fluctuation &,
versus /2. The result is a straight line, also confirming the
result otp the Langevin equation.

Next, we include also the free energy due to stretching of
the polymer, i.e., W=W,+W,. The results are presented in
Fig. 2, again using A=5 in W,. The results are similar to
those of Fig. 1, except that the passage times are now larger
due to the presence of the stretching term.

Now we study the case in which there is an interaction
between the polymer and the pore, i.e., we use W=Wy+ W,
+u(x), where u(x) is that given in Eq. (3). By varying the
parameters N in Wy, ug, and « in u(x), we readily obtain three
distinct peaks in the transit time distribution. However, the
distributions look quite different from the experimental data
of KBBD. In Fig. 3, we show the distribution for the case
A=5in W, uy=0.2kzT, and @=0.1 in u(x), using N=210.

We have used a free energy Wo=—NkzTx/b due to the
electric field, which give rise to a constant force pulling on
the polymer through the pore. Since this does not give good
agreement with the experimental data of KBBD, we want to
try another form of the free energy W((x)=—(\kgT/b%)
X (x%/2). The charge on each nucleotide is the electronic
charge e. If a length x” of the polymer has passed through the
pore, the number of nucleotides having passed through is
x"/b. In an external electric field E, the force pulling at the
pore from the trans side will be eEx’/b. The work in pulling
a length x through the pore is the integral

Yox' . eEx*  NkgTx?
eE—dx' = =—".
0 b 2 B 2
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FIG. 3. Distribution of passage times for the case with interac-
tion between polymer and the pore: W=Wy+ W, +[u(x)/kgT], with
N=5 in Wy, uyp=0.2kgT, and @=0.1 in u(x).

The force due to the electric field on the polymer on the cis
side will be counteracted and canceled by the membrane.
Such a model would not be unreasonable. Of course the av-
erage passage would now no longer be proportional to the
length of the polymer.

We will first study the case with only the term due to the
external electric field W(x)=W(x). In that case, the probabil-
ity distribution P(x,r) satisfies a drift diffusion equation
similar to Eq. (2):

P FP a(x>
—=D— P, (15)

a ax? B ox T
where 7/ is a constant characteristic time due to the external
field. The Langevin equation giving the time dependence of

X is given by

DX, (16)

dt 1
where #(r) is white noise with correlation (7(z)n(t'))
=2D(t—1"). The solution of this is

t
x= exp(t/Tf)f exp(=1t'/T)n(t")dt’. (17)
0

The transit time 7, corresponds to x=L, which gives

1

P
t,=1rlogL—1; logf exp(=t'/T)n(t")dt’.  (18)
0

Now due to the nonlinear logarithm dependence in the noise,
the transit time is no longer Gaussian distributed and its av-
erage value cannot be easily evaluated. But the average tran-
sit time dependence on the polymer length can at most be
log L. In fact, due to the dependence of the upper limit of the
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FIG. 4. The distribution of transit times for free energy W=Wy,
with N\’ =3, and N=200.

integral on ¢, itself, the average transit time can actually
saturate for large L, and this is what we found in our simu-
lation. Similarly the dependence of 7, on the 7; is linear for
small L, and this is what we find also in our simulation.

In Fig. 4, we show the distribution of transit times for
N'=3, N=200. The main peak in the distribution looks in-
deed non-Gaussian, as predicted. We also find that the distri-
bution is insensitive to N for N>20. So the average transit
time actually saturates for N>20. In Fig. 5, we show the

average transit time versus 1/\’, which is proportional to the

14
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2 ! T T T T
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T T
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FIG. 5. Average transit time , in the model with free energy
W= W('), vs 1/N’, which is proportional to characteristic time Ty due
to the external field, for polymer chain length N=20.

PHYSICAL REVIEW E 74, 011911 (2006)

o retracted
4 +  transmitted
both

Number of blockades
N
o
(=]
(@]
1

T
15 20 25
Lifetime(z,)

FIG. 6. Transit time distribution in the model W(x)=Wy(x)
+ W, (x)+u(x), where u(x) is the interaction between the polymer
and the pore, as explained in the text. We have chosen \'=3 in
Wo(x), and ug=4.5kpT, u)=0, in u(x).

characteristic time 7, due to the external field. It shows in-
deed that the average transit time is proportional to 7, as
predicted.

We have now confirmed the agreement of our simulation
result with that of the predictions of the Langevin equation,
in the case of the free energy W(x)=W/(x). We can now
proceed with the simulation for the case in which we include
also the stretching of the polymer in the free energy, i.e.,
W(x)=W)(x)+W,(x). We find that in this case the transit
time distribution is almost identical to the case with W(x)
=W (x). There is no effect of the polymer stretching in this
case.

We then consider the case in which there is an interaction
between the polymer and the pore by simply adding the in-
teraction potential u(x) to the free energy so that W(x)
=W, (x)+ W;(x)+u(x). We first tried an interaction potential
given in Eq. (3) as suggested by Lubensky and Nelson. How-
ever, in this case we were not able to obtain three visibly
distinct peaks in the distribution of lifetimes, by adjusting the
parameters u,,« and also N’ in Wj(x). Therefore, we tried a
different interaction potential of the following form: u(x)
=ugyx/b when the polymer enters the pore with one end first,
and u(x)=uj(b—x)/b when it enters with the other end first,
with uy# u)). In both cases, the potential is periodic with
period b, the distance between nucleotides. This corresponds
to an attractive potential when the polymer enters the pore
with the one end first and a repulsive potential when it enters
with the other end first.

In Fig. 6, we show our results of the transit time distribu-
tion, for the model with free energy W=Wgy+ W, +u(x),
where u(x) is the interaction between the polymer and the
pore, explained above, obtained using 100 000 polymers
each with 210 nucleotides. We have used here N’ =3 in W,
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and uy=4.5kzT, u,=0 in u(x). With these parameters we
clearly obtain three peaks in the distribution of lifetimes. The
results also look much more like the experimental data of
KBBD. By comparing with Fig. 4, we recognize that the
third peak, at a lifetime of 117, corresponds to the second
peak, also at a lifetime of 117, in the case of no interaction
between polymer and pore. The second peak, which is the
highest peak here, seems to be created by interaction of the
polymer with the pore. If we identify the position of the third
peak at 117, with that of the third peak at 1400 us of the
experimental data of KBBD, we obtain 75~ 127 us.

III. CONCLUSION AND DISCUSSION

We have simulated the translocation of a polymer through
a nanopore, driven by an external electric field, using the
continuous time Monte Carlo method. The nanopore is small
enough so that only single strands of the polymer can pass
through.

We consider separately two models of interaction with the
external electric field. In the first case, the electric field gives
a constant pull on the polymer. When there is no interaction
of the polymer with the pore, the transit time distribution
consists of a peak at small transit times corresponding to
polymers partially entering the pore but then retracted back
into the cis side. This peak is independent of the size of the
polymer. The second peak at larger transit time corresponds
to the polymer passing completely through the pore. Its
shape is that of a Gaussian and the position of this peak
increases proportional to the size of the polymer. The width
of this peak is proportional to the square root of the average
transit time ¢, or the square root of the polymer size. These
results are in agreement with the results of the Langevin
equation corresponding to the model studied by Lubensky
and Nelson. However, our results are different from their
results obtained using a different method to calculate the first
passage time distribution. An interaction between the pore
and the polymer can be added in the form of an asymmetric
sawtooth potential suggested by Lubensky and Nelson, char-
acterized by the parameters u,, which is the height of the
potential, and an asymmetry parameter «. The asymmetry
parameter corresponds to the polymer interacting differently
with the pore when it enters the pore with one end first rather
than with the other end first. With this interaction, one ob-
tains three peaks in the transit time distribution just as in the
experiment of KBBD, but the shape of the distribution is
very different.

We also studied another model in which the pull of the
external electric field on the polymers at the pore increases
with the length of the polymer transmitted through the pore.
This is because as the polymer gets pulled through the pore,
more charges will be on the trans side. This gives a stronger
force in the electric field. The force due to the electric field
on the cis side is assumed to be canceled by the reaction of
the membrane. When there is no interaction between the
polymer and the pore, a Langevin equation can be derived
for the time development of the length of the polymer having
passed through the pore at time ¢, depending on a character-
istic time 7 of the electric field. The solution of this equation
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shows that the transit time 7, is not Gaussian-distributed due
to its nonlinear logarithmic dependence on the random noise.
Its dependence on the size of the polymer is at most log N
and its dependence on the characteristic time 74 is linear for
small N. Our simulations show that the transit time 7, is
indeed not Gaussian-distributed and its dependence on the
characteristic time T is linear for small NV, but its dependence
on the size of the polymer is weaker than log N and actually
saturates at large N. Including the asymmetric interaction of
the polymer with the pore results in three peaks in the dis-
tribution of transit times, and the distribution itself is much
more like that in the experiment of KBBD, except that our
first peak is lower. The first peak in the distribution, which
corresponds to polymers partially entering and then retract-
ing from the pore from the cis side, is much lower compared
to experimental data. In our calculation, we have assumed
that the polymer is always a single strand in the cis side to
start with. Experimentally, some of the polymers could form
partially double strands. These double-stranded polymers
could not pass through the pore due to their size and could
actually jam the pore. In the experiment, in order to clear the
jamming, the voltage had to be reversed. Beside jamming,
which must be cleared by reversing the voltage, these
double-stranded polymers, since they are physically too large
to pass through, must also lead to a higher number of retrac-
tions, which can explain the increased first peak seen in the
experiment.

We have compared our simulation only with the model of
Lubensky and Nelson. The reason is that although many pub-
lished simulations of the polynucleotide translocation exist,
many of which were quoted in our references, to the best of
our knowledge there is no simulation of the model proposed
by Lubensky and Nelson. We believe our work is the first
simulation of this model. In fact, as far as we know, there are
no simulations that produce the three peaks in the experiment
of Kasianowicz, Brandin, Branton, and Deamer (KBBD).
Even in the theory of Lubensky and Nelson, it is only pre-
dicted that three peaks should be seen using an asymmetric
interaction with the pore. But only the case of one peak with
no interaction with the pore was actually calculated. Our
simulation is the first time in which three peaks are actually
produced. For the same reason we have only compared our
simulation with the experimental data of KBBD.

We have assumed, as well as Lubensky and Nelson, an
asymmetric interaction of the polymer with the pore. This is
a reasonable assumption. The value 4.5 kT that we have cho-
sen is of no particular significance. It is only a parameter
value for the interaction that seems to give the best agree-
ment with experimental data. We happened to show our re-
sult at this value of the parameter. A smaller value would
have also given reasonable, although not as good, agreement.
Also the location of the first peak in the translocation time (at
very short times) could have been biased in the experiments
due to limited system response as explained in the KBBD
paper. Just what is the interaction of the polymer with the
pore? This question can only be answered by future experi-
ments.

In this paper, we have only compared with the experimen-
tal results of KBBD. There have been many new experimen-
tal results on DNA translocation since KBBD. However, they
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deal mainly with others aspects of the DNA translocation
problem than the distribution of passage times. Storm et al.
[14] studied the power scaling of translocation times versus
length, using solid-state nanopores. Akimentiev et al. [11]
studied DNA translocation as a new technique for sequenc-
ing DNA. Chang ef al. [19] studied the fluctuations in ionic
current during DNA translocation through nanopores. They
are not directly relevant to the problem in the present paper.
For instance, we are not aware of any other experimental
result that produces the three peaks in the distribution of
passage times besides that of KBBD.

Recently, Mathe er al. [20] experimentally studied the ori-
entation discrimination of single-stranded DNA inside the
alpha-hemolysin nanopore. They found that the DNA-
channel interactions depend strongly on the orientation of the
ssDNA molecule with respect to the pore, both in voltage-
driven and in zero-voltage diffusions through the pore. Tak-
ing advantage of the finding that ssDNA can enter the pore
but double-stranded DNA cannot, they used DNA hairpin
molecules with a long single-stranded overhang which can
be either a 3’ end or a 5’ end. In this way, they could deter-
mine precisely with which end the ssDNA molecules entered
the pore. The resulting current histogram, which is propor-
tional to the distribution of translocation times, exhibits two
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well defined peaks which can be well fit by a double Gauss-
ian distribution. The Gaussian distribution of the transloca-
tion times is in agreement with our result, Eq. (14). This is
different from the KBBD result, which shows three peaks.
But, as mentioned above, the position of the short life peak
in the KBBD experiment is sensitive to the bandwidth in the
experiment, in contrast to the other two long lifetime peaks,
whose positions are independent of the bandwidth. In this
sense, our fit to the short time peak is therefore probably
coincidental. In addition, Mathe et al. clarified the origin of
this asymmetry using molecular-dynamics simulation. In a
confined pore, the ssSDNA straightens and its bases tilt to-
ward the 5’ end, assuming an asymmetric conformation. As a
result, the bases of a 5'-threaded DNA experience larger ef-
fective friction.
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